Abstract. In this paper, we de…ne the generalized taxicab distance function in three dimensional space, which includes the taxicab distance function as a special case, and we show that three dimensional generalized taxicab distance function determines a metric. Then we give some properties of three dimensional generalized taxicab metric, and determine Euclidean isometries of the space preserving the generalized taxicab metric.
Introduction
Taxicab geometry was introduced by Menger [15] , and developed by Krause [13] , using the taxicab metric which is the special case of the well-known l p -metric (also known as Minkowski distance) for p = 1. In [18] , Lawrance J. Wallen altered the taxicab metric by rede…ning in order to get rid of imperative symmetry, and called it the (slightly) generalized taxicab metric. During the recent years, metric geometries based on these metrics have been studied and developed in many directions. See [1] , [2] , [4] , [5] , [6] , [7] , [9] , [10] , [11] , [12] , [16] , and [17] for some of studies.
In this work, we de…ne the generalized taxicab distance function in three dimensional space, and we show that three dimensional generalized taxicab distance function determines a metric in R 3 , that is, d Tg is a function from R d Tg (A; C) + d Tg (C; B) for all A, B, and C in R 3 . Then we give some properties of three dimensional generalized taxicab metric, and determine Euclidean isometries of the space which preserve the generalized taxicab metric.
The generalized taxicab distance in R 3
The generalized taxicab distance between two points in R 3 can be de…ned as follows: 
which is the well-known taxicab distance in R 3 .
Remark 2. We are quite familiar to the notation of d T for the taxicab distance function. In [5] (C; B) for points A = (x 1 ; y 1 ; z 1 ), B = (x 2 ; y 2 ; z 2 ), and C = (x 3 ; y 3 ; z 3 ) in R 3 . This fact can be proven as follows:
Let A = (x 1 ; y 1 ; z 1 ) and B = (x 2 ; y 2 ; z 2 ) be two points in the three dimensional Cartesian coordinate space. Let Clearly, one can consider the generalized taxicab metric as a generalization of themetric in three dimensional space (see [8] and [3] ). So, for i 2 fa; b; cg, let us de…ne There exist, in general, in…nitely many shortest paths between points A and B. For max fa; b; cg = a, if A and B are not at the same plane, then all possible cases for shapes of shortest paths from A to B are shown in Figure 2 .
For points A = (x 1 ; y 1 ; z 1 ) and B = (x 2 ; y 2 ; z 2 ) in R 3 , we denote by R AB the rectangular prismatic region or rectangular region or a line segment bounded by planes 
Let us denote the space endowed with the generalized taxicab metric by R The following proposition gives an equation which relates the Euclidean distance to the generalized taxicab distance between two points in the Cartesian coordinate space:
Proposition 5. For any two points A and B in R 3 , if (p; q; r) is the direction vector of the line through A and B, then
where (p; q; r) = (
Proof. Let A = (x 1 ; y 1 ; z 1 ) and B = (x 2 ; y 2 ; z 2 ) such that (p; q; r) is the direction vector of the line through A and B. Then x 1 x 2 = p, y 1 y 2 = q and z 1 z 2 = r for 2 R. Now, one can derive by a straightforward calculation that d E (A; B)=d Tg (A; B) = (p 2 + q 2 + r 2 ) 1=2 =(a jpj + b jqj + c jrj), thus we have Eq. (4).
The following two corollaries follow directly from Proposition 5:
Corollary 6. Let A, B, C and D be four points in R 3 . If lines AB and CD are coincident or parallel, then
If A, B and X are three distinct collinear points in R 3 , then
As a consequence of Corollary 6 and Corollary 7, it is clear that Thales, Menelaus, and Ceva theorems are true in R 3 Tg .
Euclidean isometries which preserve d Tg
An isometry is a transformation of the space onto itself which preserves distances. One of the basic geometric problems for a given metric space is to determine the isometries of it. It is well-known that the group of isometries of the Euclidean space with d E metric is G = E(3), which is the semidirect product of the translation group T (3) consisting of all translations of the space, and the symmetry group of unit sphere O(3). In the remaining part of this study, we will determine Euclidean isometries of R 3 Tg which preserve the generalized taxicab distance, with Euclidean notions of translation, inversion, re ‡ection, rotation, rotary re ‡ection and rotary inversion, as in [7] .
De…nitions which adopted from Martin [14] as follows: If is a plane, then the re ‡ection is the mapping on the points in R It is obvious that all translations (x0;y0;z0) (x; y; z) = (x + x 0 ; y + y 0 ; z + z 0 ) and the inversion about the origin O (x; y; z) = ( x; y; z) preserve the generalized taxicab distance, by Eq. (1) or Corollary 6. So, they are isometries of R 3 Tg . Note that if a Euclidean isometric transformation …xing the origin do not …x the generalized taxicab sphere, then it is not a generalized taxicab isometry. So, to show a Euclidean isometric transformation not to be a generalized taxicab isometry, one can simply control the images of vertices of the unit generalized taxicab sphere in Figure 3 with the following properties, under these transformations:
If the image of a vertex of the unit generalized taxicab sphere under a Euclidean isometric transformation …xing the origin, is not a vertex of the unit generalized taxicab sphere, then it is not a generalized taxicab isometry.
Clearly, if a = b = c, then d Tg (P 1 ; P 2 ) = ad T (P 1 ; P 2 ) for any two points P 1 = (x 1 ; y 1 ; z 1 ) and P 2 = (x 2 ; y 2 ; z 2 ) in R 3 Tg . So, Euclidean isometries which preserve the generalized taxicab distance are the same as Euclidean isometries of the taxicab space R 3 T determined in [7] . The following four propositions determine Euclidean isometries of R 3 Tg which preserve the generalized taxicab distance for a = b = c. Here, we use coordinate de…nition of a re ‡ection about a plane through the origin and the matrix representation of a rotation about a line passing through the origin to determine the image of (x; y; z) under these transformations (see [7] , pp. 191,193). Proof. Let a = b = c, and let (p;q;r) denote the re ‡ection about a plane through the origin and perpendicular to the vector (p; q; r). Then, one can see that (1;0;0) (x; y; z) = ( x; y; z), (0;1;0) (x; y; z) = (x; y; z), (0;0;1) (x; y; z) = (x; y; z), (1;1;0) (x; y; z) = ( y; x; z), (1; 1;0) (x; y; z) = (y; x; z), (1;0;1) (x; y; z) = ( z; y; x), (1;0; 1) (x; y; z) = (z; y; x), (0;1;1) (x; y; z) = (x; z; y), (0;1; 1) (x; y; z) = (x; z; y). So, if (p;q;r) (P i ) = P 0 i for (p; q; r) 2 D, then d Tg (P 1 ; P 2 ) = d Tg (P 0 1 ; P 0 2 ). Since the other re ‡ections about a plane through the origin do not …x the generalized taxicab sphere, they are not isometry. (x; y; z) = (y; z; x), r (1;1;0); (x; y; z) = (y; x; z), r (1; 1;0); (x; y; z) = ( y; x; z), r (1;0;1); (x; y; z) = (z; y; x), r (1;0; 1); (x; y; z) = ( z; y; x), r (0;1;1); (x; y; z) = ( x; z; y), r (0;1; 1); (x; y; z) = ( x; z; y). So, if r (p;q;r); (P i ) = P 0 i for 2 f =2; ; 3 =2g and (p; q; r) 2 D 1 , or 2 f2 =3; 4 =3g and (p; q; r) 2 D 2 , or = and (p; q; r) 2 D 3 , then d Tg (P 1 ; P 2 ) = d Tg (P Proof. Let a = b 6 = c. Then, one can see that (1;0;0) (x; y; z) = ( x; y; z), (0;1;0) (x; y; z) = (x; y; z), (0;0;1) (x; y; z) = (x; y; z), (1;1;0) (x; y; z) = ( y; x; z), (1; 1;0) (x; y; z) = (y; x; z). So, if (p;q;r) (
Since the other re ‡ections do not …x the generalized taxicab sphere, they are not isometry, for the case a = b 6 = c. Proposition 13. If x = y 6 = z for x; y; z 2 fa; b; cg, a rotary re ‡ection = (p;q;r) r (p;q;r); about the origin is an isometry if and only if 2 f =2; 3 =2g and (p; q; r) 2 D z , and is the plane through the origin and perpendicular to (p; q; r). Thus, if a = b 6 = c, a = c 6 = b or a 6 = b = c, there exist only two rotary re ‡ections about the origin that preserve the generalized taxicab distance. If a 6 = b 6 = c 6 = a, there is no rotary re ‡ection that preserve the generalized taxicab distance, di¤ erent from the generalized taxicab isometric transformations determined before.
Proof. Let a = b 6 = c. We know that (0;0;1) r (0;0;1); 2 (x; y; z) = (y; x; z), (0;0;1) r (0;0;1); 3 2 (x; y; z) = (x; y; z). So, if (p;q;r) r (p;q;r); (P i ) = P 0 i in which 2 f =2; 3 =2g and (p; q; r) 2 D c , then d Tg (P 1 ; P 2 ) = d Tg (P 0 1 ; P 0 2 ). Since any transformation such as (p;q;r) r (p;q;r); different from the generalized taxicab isometric transformations determined before, does not …x the generalized taxicab sphere, it is not an isometry, for the case a = b 6 = c. Proposition 14. If x = y 6 = z for x; y; z 2 fa; b; cg or a 6 = b 6 = c 6 = a, there is no rotary inversion O = O r (p;q;r); about the origin that preserve the generalized taxicab distance, di¤ erent from the generalized taxicab isometric transformations determined before.
Proof. Let a = b 6 = c. One can see that any transformation such as O r (p;q;r); di¤erent from the isometric transformations determined before, does not …x the generalized taxicab sphere, so it is not an isometry for the case a = b 6 = c. Thus, there is no rotary inversion about the origin that preserve the generalized taxicab distance, di¤erent from the generalized taxicab isometric transformations determined before.
So, the Euclidean isometries of R 3 Tg which preserve the generalized taxicab distance for all possible cases are determined. For further studies on this subject, the …rst question can be "Is there any other transformation which preserve the generalized taxicab distances, which has not to preserve Euclidean distances, in three dimensional space?".
